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The anti-kaon nucleon scattering lengths resulting from a Hamiltonian effective field theory analysis of ex-
perimental data and lattice QCD studies are presented. The same Hamiltonian is then used to compute the
scattering length for the K−d system, taking careful account of the effects of recoil on the energy at which the
K¯N T-matrices are evaluated. These results are then used to estimate the shift and width of the 1S levels of
anti-kaonic hydrogen and deuterium. The K−p result is in excellent agreement with the SIDDHARTA measure-
ment. In the K−d case the imaginary part of the scattering length and consequently the width of the 1S state are
considerably larger than found in earlier work. This is a consequence of the effect of recoil on the energy of the
K¯N energy, which enhances the role of the Λ(1405) resonance.
PACS numbers: 12.39.Jh, 13.30.Eg, 14.20.Lq
I. INTRODUCTION
The kaon has played an important role in advancing particle
physics since it was discovered in cosmic rays. The related θ-
τ puzzle resulted in the proposal of parity violation. A bound
state of the kaon and nucleon was predicted and the candi-
date Λ(1405) was discovered in experiment, even before the
birth of the quark model [1, 2]. The study of kaonic nuclei
and atoms constitutes an important source of information as
we seek to understand the nonperturbative properties of QCD
and many experiments have been designed to investigate them
(see, for example, Ref. [3] for a recent review).
In a kaonic atom an electron is replaced by a K−, which is
still bound primarily by the attractive electromagnetic inter-
action. Since the kaon is three orders of magnitude heavier
than the electron, the size of the kaonic orbit in a light atom
is only ∼ 100 fm, while the binding energy is ∼ keV. If the
kaon is captured by the nucleus, it can be annihilated in the
formation of a hyperon. The behavior of these exotic atoms
and nuclei allows us to explore new aspects of hadronic inter-
actions. For example, the Λ(1405) lies close below thresh-
old in the JP = 1/2− K¯N system, while the lowest-lying
JP = 1/2− strangeness-zero baryon, the N(1535), is far from
the piN threshold. This difference has led to a great deal of
speculation regarding the adequacy of the conventional quark
model [4–15].
Since the atomic size is beyond the range of the strong in-
teraction, the kaonic atom can be studied pretty well within
QED. However, for the 1S state, the wave function ψQED1S (~r =
0) is non-zero and the strong interaction plays a role. There-
fore, the experimental energy, E1S , is different from the QED
prediction, EQED1S , because of the strong interaction, ∆E1S ≡
E1S − EQED1S . Moreover, the K¯N system can decay to piΣ and
∗Electronic address: liuzhanwei@lzu.edu.cn
piΛ and thus the 1S level has a width Γ1S , in addition to the en-
ergy shift 1S , ∆E1S ≡ E1S − EQED1S = 1S − i2 Γ1S . The energy
distributions of X-rays emitted from the excited kaonic atom
may be measured to obtain ∆E1S in experiment [16–21]. The
difference between the measured and QED-predicted nP− 1S
transition energy is essentially the same as ∆E1S , since the nP
level is scarcely affected by the strong interaction. The SID-
DHARTA experiment gave the energy shift and width for 1S
kaonic hydrogen as

p
1S = 283 ± 36(stat) ± 6(sys) eV,
Γ
p
1S = 541 ± 89(stat) ± 22(sys) eV , (1)
which helps us to constrain the K−p interaction at low en-
ergy [16, 17]. The reduced mass of the anti-kaon and the
deuteron is a little larger than that of K¯N and thus kaonic
deuterium would be easier to form under the pure electro-
magnetic interaction. There has been a proposal to search for
kaonic deuterium in SIDDHARTA-2 and the J-PARC E57 ex-
periment [18–21]. However, technically it is far more difficult
to measure the kaonic deuteron than kaonic hydrogen.
The study of kaonic deuterium may be expected to benefit
from a comparison with earlier studies of pionic deuterium.
The latter was proposed and observed in experiment very early
– see Ref. [22] for a review. The energy shifts and widths of
the 1S states of pionic hydrogen and deuterium were mea-
sured with precision at the Paul Scherrer Institute (PSI) at Vil-
ligen [23].
Kaonic deuterium has already been investigated by many
authors [24–34]. In recent studies, after the resummation of
contributions from kaon multiple scatterings between the two
nucleons in the deuteron, solving the full three-body Hamil-
tonian or Faddeev equations, the energy shift for kaonic deu-
terium has been found to be of order 700∼900 eV, while the
width has been reported to be in the range 800∼1200 eV [28–
33].
The nucleons in the deuteron have been assumed to be static
in most studies of kaonic deuterium, perhaps because this ap-
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2proximation has been shown to be quite accurate for pionic
deuterium. However, the situation merits further considera-
tion for the following reason. In the pionic case the closest
resonance, the ∆(1232), has angular momentum one and is
still 150 MeV away from the piN threshold. Even allowing
for its width, it is far away. On the other hand, the difference
between the Λ(1405) resonance and the K¯N threshold is less
than 30 MeV and, moreover, its 50 MeV width means they
overlap to some extent. In such a case, even if the recoiling
nucleon shifts the center-of-mass energy of K¯N a relatively
small distance from the threshold, the scattering amplitude
may be very different from that at threshold, which the static
approximation uses. These considerations led us to examine
the effect of recoil carefully in the K¯d system.
Some earlier studies of the effect of nucleon recoil for
K¯d scattering was undertaken within effective field theory in
Refs. [35, 36]. There non-local effects were taken into ac-
count perturbatively by using the effective-range expansion of
the K¯N amplitude. The recoil effect for the double scattering
contribution was found to be the order of 10-15%, as com-
pared to the static term [35]. The effect on the single scatter-
ing process was not discussed there, while it is a key issue in
this study.
In this work, we focus particularly on the recoil effects for
the 1S level shifts of anti-kaonic deuterium with Hamiltonian
Effective Field Theory (HEFT). HEFT was developed to study
the low-lying resonances based on a combined analysis of
both lattice QCD data and experimental scattering data, while
preserving the constraints of chiral perturbation theory where
appropriate. It has led to important insights into the properties
of the N(1535), N(1440), Λ(1405), and so on [12, 37–44]. In
Ref. [12], we studied both the cross sections for K−p scat-
tering and the relevant lattice QCD data and reproduced the
two-pole structure of the Λ(1405). If not explicitly pointed
out, references of the Λ(1405) refer to the pole close to the
experimental mass.
We first briefly review the HEFT for K¯N in Sec. II. Then
we use it to compute the K−p scattering lengths and the corre-
sponding energy shift ∆Ep1S , with no further adjustment of the
parameters determined in that previous work [12]. The scat-
tering length of the K−d system and the energy shift ∆Ed1S for
kaonic deuterium, with and without the recoil correction, are
presented in Secs. III and IV. We conclude with a discussion
and summary in Sec. V.
II. KAONIC HYDROGEN AND HEFT
The T matrix for the two-body scatting process α → β is
related to the corresponding S matrix and cross section by
S βα = δαβ − 2i√ραρβTβα, (2)
σβα =
4pi3kcmβ ω
cm
αM
ωcmαBω
cm
βM
ωcmβB
kcmα (Ecm)2
TβαT ∗βα , (3)
where
ρα = pi
ωcmαMω
cm
αB
Ecm
kcmα . (4)
In this work, the channel label, α or β, refers to K¯N, piΣ, piΛ,
and ηΛ but, of course, it could be extended to more general
cases. The labels αM and αB refer to the meson and baryon
in channel α, respectively. ωcmαX and k
cm
α denote the energy and
spatial momentum of the particle in the center-of-mass frame,
and Ecm is the total energy in the center-of-mass frame.
For the process α → α, the cross section σthrαα at threshold
can be related to the scattering length aα
σthrαα = 4pi|aα|2, (5)
where the scattering length is defined as
aα ≡ − lim
kcmα →0
pi
ωcmαMω
cm
αB
Ecm
Tαα = −piµαT thrα (6)
and µα is the reduced mass for the channel α.
We used HEFT to study both the cross sections of K−p →
K−p/K¯0n/pi−Σ+/pi0Σ0/pi+Σ−/pi0Λ and the corresponding en-
ergy levels in a finite volume (for comparison with lattice
QCD simulations). The results were consistent with both the
experimental scattering data and the spectra from lattice QCD
simulations [12]. Here we want to further study the scattering
length, aK−p, within this framework. Although there are two
different scenarios which give different behavior at larger pion
masses in Ref. [12, 45], we have checked that both yield the
same threshold observables with negligible numerical differ-
ences. Thus we can choose the simpler scenario for this work.
In our framework, the T matrix can be obtained by solving the
Bethe-Salpeter equation
T Iαβ(k, k
′; E) = V Iαβ(k, k
′) +
∑
γ
∫
q2 dq
V Iαγ(k, q)
1
E − ωγ(q) + i T
I
γβ(q, k
′; E), (7)
with the Weinberg-Tomozawa potentials
V Iαβ(k, k
′) = gIα,β
[
ωαM (k) + ωβM (k
′)
]
u(k) u(k′)
8pi2 f 2
√
2ωαM (k)
√
2ωβM (k′)
, (8)
where f is the decay constant of the pion, the isospin I can
be 0 or 1. k and k′ are the center-of-mass spatial momenta
in the final and initial states, respectively. The form factor
u(k) = (1 + k2/Λ2)−2 is used, with Λ = 1 GeV [12].
To fix the nonzero couplings, gIα,β, in Ref. [12] we fitted the
cross sections for K−p → K−p/K¯0n/pi−Σ+/pi0Σ0/pi+Σ−/pi0Λ
with χd.o. f = 1.5 for laboratory energies of the kaon up to
250 MeV. There are two poles for Λ(1405) at 1428 − 23 i and
1338 − 89 i MeV with this set of parameters. We also com-
pared our energy levels with lattice QCD results in Ref. [12].
We have not fine tuned the coupling constants, gIα,β, in this
work to exactly fit the scattering length. Instead, we use the
values of gIα,β found in Ref. [12] to predict aK−p and further
check the reliability of HEFT. The scattering lengths for K¯N
in the isospin I = 0 and I = 1 channels in the HEFT, using
Eq. (6), are
aI=0 = −1.77 + 1.08 i fm, aI=1 = 0.27 + 0.52 i fm . (9)
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FIG. 1: Illustration of the Faddeev equation for Tp in kaon-deuteron scattering. The TK¯N can be obtained from the study of kaon nucleon
scattering, which contains the coupled-channel effect from K¯N, piΣ, piΛ, and ηΛ. There are two other similar diagrams for equations on Tn and
Tx which can be found in Ref. [31].
With the isospin relation, one obtains
aK−p = −0.75 + 0.80 i fm, (10)
and
aK−n = 0.27 + 0.52 i fm, aK¯0n = −0.75 + 0.80 i fm,
aK¯0n→K−p = 1.02 − 0.28 i fm . (11)
The relation between the energy shift  p1S and width Γ
p
1S of
kaonic hydrogen and aK−p can be given by the improved Deser
formula [46], but the logarithmic contribution at higher or-
ders is important for kaonic deuterium [32] and thus through-
out this work we use the “double-improved” Deser formula in
which the logarithmic terms are summed to all orders [35]

p
1S −
i
2
Γ
p
1S =
−2α3e µ2K−p aK−p
1 + 2αe µK−p (lnαe − 1) aK−p , (12)
where αe is the electromagnetic fine-structure constant. With
this resummed formula we obtain

p
1S = 307 eV, Γ
p
1S = 533 eV . (13)
These results are consistent with the result of the SID-
DHARTA experiment given in Eq. (1).
III. RESULTS FOR KAONIC DEUTERIUMWITH THE
STATIC NUCLEON APPROXIMATION
The scattering amplitude TK¯d can be divided into two parts
TK¯d =
∫
d3~qψd(~q)
∫
d3~q′ψ∗d(~q
′)
(
Tp + Tn
)
, (14)
where ψd(~q) is the wave function of the nucleon in the
deuteron in momentum space and ~q (~q′) is the relative mo-
mentum between the two nucleons in the initial (final) state.
The K¯NN scattering amplitude T can be obtained by solving
the Faddeev equations [47] illustrated in Fig. 1
Tp ∼ TK−pδ3(~q − ~q′) +
∫
δ
TK−pG0Tn +
∫
δ
TK−p→K¯0nG0Tx,
Tn ∼ TK−nδ3(~q − ~q′) +
∫
δ
TK−nG0Tp,
Tx ∼ TK¯0n→K−pδ3(~q − ~q′) +
∫
δ
TK¯0nG0Tx +
∫
δ
TK¯0n→K−pG0Tn .
(15)
It corresponds to the scattering length calculation, where the
kaon momentum is zero and hence the momentum of the spec-
tator nucleon (to the kaon-nucleon scattering) is its momen-
tum in the deuteron center of mass. G0 is the propagator
G0 = (d −
~p2K
2mK
− ~p
2
N1
2mN
− ~p
2
N2
2mN
+ i0+)−1, (16)
where ~pK , ~pN1 , and ~pN2 are the momenta of the intermediate
particles, and d is the binding energy of deuteron.
The first term in Eq. (15) corresponds to the single scatter-
ing (SS) of the kaon with only one nucleon, which contains the
effects of the coupling of K¯N to the channels piΣ, piΛ, and ηΛ.
The remainder is generated by the multiple scattering (MS) of
the kaon between the two nucleons in the deuteron.
If one uses the static nucleon approximation, usually on the
basis that the momenta are relatively small, the momentum-
dependent amplitude TK¯N can be approximated by the value at
threshold, T thr
K¯N
. With this approximation, the multiple scatter-
ing series integration can be solved analytically and the scat-
tering length, aK−d, can be simplified as [31]
aK−d =
md
mK + md
∫
d3~r |ψd(~r)|2 AˆK−d(r) , (17)
where ψd(~r) is the wave function for nucleons in the deuteron,
and
AˆK−d(r) =
a˜K−p + a˜K−n + (2a˜K−pa˜K−n − b2x)/r − 2b2xa˜K−n/r2
1 − a˜K−pa˜K−n/r2 + b2xa˜K−n/r3
,
(18)
with a˜K¯N = aK¯N(1 + mK/mN), and
bx = a˜K¯0n→K−p/
√
1 + a˜K¯0n/r. This corresponds to the com-
monly used fixed center approximation (e.g. Ref. [48]) in
which excited nucleon intermediate states are neglected.
Using the K¯N scattering lengths given in Eq. (11) and the
deuteron wave function obtained from a one-boson-exchange
model [49], the numerical result with the static nucleon ap-
proximation is
aK−d |StaticApprox = −1.55 + 1.57 i fm . (19)
With the resummed formula (12), the energy shift and width
of the 1S level of kaonic deuterium is
d1S |StaticApprox = 855 eV, Γd1S |StaticApprox = 1127 eV . (20)
4IV. RECOIL EFFECTS FOR KAONIC DEUTERIUM
The root-mean-square radius of the deuteron is about 2 fm,
which means the momentum q of the nucleons in the deuteron
should be of order 1/(2 fm) ∼ 100 MeV on average. The
variation of momentum is not very large, but the resonance
Λ(1405) is around the K¯N threshold and thus the effect from
the nucleon recoiling in the deuteron should be carefully ex-
amined.
Firstly, we study the single scattering term of K−d, which
can be represented as the second diagram in Fig. 1. Denoting
the scattering amplitude of a static kaon and a nucleon with
momentum ~q in the deuteron as TK¯N(~q), the integrated ampli-
tude is
〈T dK¯N 〉 ≡
∫
d3~q |ψd(~q)|2 TK¯N(~q). (21)
Obviously, the amplitude of K−d from the single scattering
contribution is exactly T S SK−d = 〈T dK−p 〉 + 〈T dK−n 〉.
To calculate TK¯N(~q), we need to recognise that if the specta-
tor nucleon has momentum ~q, the K¯N center of mass energy at
which the two-body T-matrix must be evaluated is effectively
EK¯N = md + mK − mN − q2/2µ3 within Faddeev formalism
where µ3 = mN(mN +mK)/(2mN +mK). We use the following
relation to obtain TK¯N(~q)
TK¯N(~q) = TK¯N,K¯N(k, k; EK¯N) , (22)
where k = qmK/(mN + mK).
For the multiple scattering terms, we use the approximation
TK¯N → 〈T dK¯N 〉 to simplify the calculation. Finally, we can
evaluate aK−d. By replacing aK¯N with 〈 adK¯N 〉 ≡ −piµK¯N〈T dK¯N 〉
in the formula given in Eq. (17), the K−d scattering length,
including the recoil correction, may be obtained.
V. NUMERICAL RESULTS AND DISCUSSION
More than 96% of the contribution to 〈T d
K¯N
〉 in Eq. (21)
comes from q < 300 MeV, which corresponds to k . 110
MeV and ∆EK¯N . 80 MeV, a region in which our fit with
HEFT is very reliable [12]. The wave function ψd(~q) is ex-
tracted from the Bonn potential [50]. The wave function of
the deuteron is well constrained both by experiments and the-
ory, and thus we directly cite two different results from Refs.
[49] and [50] for ψd(~r) and ψd(~q) in the coordinate and mo-
mentum spaces respectively. We do not transform between
them and simply neglect the modest differences between the
models.
Before providing the average 〈T d
K¯N
〉, we show the scatter-
ing amplitude TK¯N(~q) in Fig. 2. By comparing the two x-axes,
one can see that even if the momentum q increases from 0 to
200 MeV where the wave function ψd is extremely close to 0,
the center-of-mass energy EK¯N of the K¯N system varies over
a relatively small range, roughly 1430 to 1400 MeV. Usually
such a small change of EK¯N would not be expected to lead to
large variations in related amplitudes. For example, the blue
0 50 100 150 200 250 300
q/MeV
−2
−1
0
1
2
3
4
T
K¯
N
×
(−
pi
µ
K¯
N
)/
fm
∫
dΩ q2 |ψd|2 (unnormalised) Im, I = 0
Re, I = 0
Im, I = 1
Re, I = 1
EK¯N/MeV: 1420 1400 1380 1360
FIG. 2: The scattering amplitude TK¯N(~q) for a static kaon and a
nucleon of momentum q in the deuteron. The lower x-axis is the
spatial momentum q of a nucleon, while the upper x-axis is the
center-of-mass energy EK¯N of K¯N, and they are related by EK¯N =
(md/2 + mK) − q2/2µ3 with µ3 = mN(mN + mK)/(2mN + mK). The
deuteron wave function is also shown as the green dotted lines.
dashed lines for the amplitudes TK¯N(I = 1) are relatively flat
for isospin 1. However, the issue is very different when there
is a resonance or bound state in a channel below and close to
the threshold.
In our previous work [12] we searched for two poles for the
Λ(1405) in the I = 0 channel within HEFT, finding one close
to the K¯N threshold with width about 50 MeV. As EK¯N passes
by the pole, the scattering amplitude TK¯N(I = 0) changes
rapidly, as shown by the red dashed and dot-dashed lines in
Fig. 2. The phase shift usually crosses 90o when a resonance
appears, which is equivalently exhibited by the real part of the
amplitude changing its sign for EK¯N around 1410 MeV (red
dashed). The imaginary part of TK¯N(I = 0) is related to the
experimental piΣ invariant mass distribution and thus the red
dot-dashed line shows a bump [51].
From this analysis, we would expect that the average value
of 〈T d
K¯N
〉 may deviate significantly from the threshold value
in the I = 0 channel. Equivalently speaking, 〈 adI=0 〉 is very
different from the scattering length aI=0, while 〈 adI=1 〉 should
be still close to aI=1. We find
〈 adI=0 〉 = −1.07 + 3.01 i fm, 〈 adI=1 〉 = 0.32 + 0.40 i fm ,
(23)
which in comparison with the threshold scattering lengths in
Eq. (9) shows that the average imaginary part in the channel
with I = 0 increases by more than 1 fm. This will, of course,
increase the width of the 1S K−d energy level significantly.
We show the K−d scattering length after taking the recoiling
effect into consideration
aK−d = −0.59 + 2.70 i fm . (24)
With the resummed formula of Eq. (12), the energy shift and
5TABLE I: Comparison of scattering lengths aK−d in units of fm. The first four columns are from Refs. [29–32]. The last four columns are the
results in this work with (X) and without (×) the multiple scattering contributions or the recoil effects, respectively.
aK−d Kamalov [31] Doring [29] Mizutani [30] Hoshino [32] (MS X, recoil ×) (MS ×, recoil X) (MS ×, recoil ×) (MS X, recoil X)
Re −1.62 −1.46 −1.58 −1.42 −1.55 -0.06 -0.58 −0.59
Im 1.91 1.08 1.37 1.60 1.57 2.55 1.59 2.70
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FIG. 3: Comparison of the energy shifts and widths for the 1S state
of kaonic deuterium. The data with green triangles are from Refs.
[29–32] and ∆Ed1S are extracted from the scattering lengths of K
−d
using the resummed formula (12). The data with blue circles are
from Refs. [28, 32, 33] where the dynamical equations directly pro-
vide the energy level of kaonic deuterium without the help of K−d
scattering length. For example, there are two points labeled with
“Hoshino2017” which are from the same paper [32], but the left blue
circle is directly obtained by solving the Schro¨dinger equation while
the right green triangle is translated with the double-improved Deser
formula (12) from the K−d scattering length. Our result (labeled with
hollow star) without the recoiling effect is close to other works, but
the result after considering the recoiling effect (labeled with a filled
star) has a much larger width.
width of 1S kaon deuterium are
d1S = 803 eV, Γ
d
1S = 2280 eV. (25)
By comparing these results with those given in Eq. (20) of
Sec. III, we can clearly see that the recoil effect plays a very
important role for the K−d system.
We compare the scattering lengths aK−d in this work with
some other studies in Table I and Fig. 3. Without including
the effect of recoil our results in the fifth column are close
to those of earlier work. That is, our result would be close
to others if the momentum of the nucleon in the deuteron is
neglected. However, our corrected result has a much larger
width.
The contribution to aK−d from the single scattering term is
exactly
aS SK−d =
µK¯d
µK¯N
(
1
2
〈 adI=0 〉 +
3
2
〈 adI=1 〉
)
. (26)
We divide aK−d into aS SK−d and a
MS
K−d, which are from the single
and multiple scattering contributions, respectively
aK−d = aS SK−d + a
MS
K−d = (−0.06 + 2.55i) + (−0.53 + 0.15i) fm .
(27)
By comparing this with
aK−d |StaticApprox = (−0.58 + 1.59i) + (−0.97− 0.02i) fm , (28)
the main difference in the imaginary part clearly arises from
the single scattering term. This gives us confidence in the
conclusion that the ground state of kaonic deuterium is broad.
Our final result for the K−d scattering length is
aK−d = −0.59 + 2.70 i fm . (29)
In summary, we first established that our earlier Hamilto-
nian effective field theory study of the K¯ p system did indeed
reproduce the empirical K−p scattering length, as well as pro-
ducing an energy shift and width for the ground state of kaonic
hydrogen which is consistent with the SIDDHARTA experi-
ment. The calculation was then extended to the the K−d sys-
tem, where it was found that the effect of recoil in the energy
argument of the K¯ p T-matrix within the Faddeev formalism
is very significant, making the 1S level of kaonic deuterium
considerably more broad and short lived.
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